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In the continuum low-energy model, we calculate the one-loop dynamical polarization functions in
ABC-stacked (rhombohedral) n-layer graphene in a magnetic field. Neglecting the trigonal warping
effects, they are derived as functions of wave vector and frequency at finite chemical potential,
temperature, band gap, and the width of Landau levels. The analytic results are given in terms of
digamma functions and generalized Laguerre polynomials and have the form of double sums over
Landau levels. Various particular limits for polarization functions (static, clean, etc.) are discussed.
The intralayer and interlayer screened Coulomb potentials are numerically calculated as functions
of momentum and frequency.
PACS numbers: 73.21.Ac, 73.22.Pr
I. INTRODUCTION
The physical properties of multilayer graphene strongly depend on the stacking order. ABC-stacked or rhombohedral
graphene is special because, among many possibilities of stacking order, this material has the flatest electron spectrum
at low energy that effectively enhances the role of the electron-electron interactions. According to Refs. [1, 2],
rhombohedral graphene together with single and bilayer graphene belongs to a new class of two-dimensional electron
systems (2DESs) known as chiral 2DESs [3] due to the chiral properties of its low-energy electron Hamiltonian. If we
neglect the trigonal warping effects (for a discussion of these effects and the electron spectrum in multilayer graphene,
see Refs. [4, 5]), then the electron energy in chiral multilayer graphene with n layers at low energy is given by
ε(p) ∼ |p|n.
While no gap is observed in single-layer graphene at the neutrality point in the absence of external electromagnetic
fields, a gap of 2 meV is reported in bilayer graphene [6–9]. A much larger gap of room-temperature magnitude
(∼ 42) meV was recently observed in high-mobility ABC-stacked trilayer graphene [10]. A sizable gap can be opened
in ABC-stacked trilayer graphene subjected to a perpendicular electric field [5, 10–14] (gap opening and gate-tunable
band structure in few-layer graphene are discussed in Refs. [15–17]).
The screening of the Coulomb potential due to many-body interactions is determined by the polarization function,
which is also an important physical quantity for the spectrum of collective excitations. The screening is very essential
in rhombohedral graphene, unlike single-layer graphene, where it plays a relatively minor role. This is related to
the density of states D(ε) ∼ ε(2−n)/n at energy ε in gapless graphene, which implies that, as ε → 0, the density
of states vanishes for single-layer graphene, is constant for bilayer graphene, and diverges for n = 3 and higher n-
layer graphene. These considerations are consistent with the static polarization function Π(k) in undoped gapless
ABC-stacked multilayer graphene calculated in Ref. [18], according to which Π(k) ∼ k2−n and, consequently, the
static polarization function diverges for n ≥ 3 as k → 0. The static polarization function in rhombohedral multilayer
graphene was studied also in Ref. [19]. The screening effects were taken into account within a simplified model in
Ref. [20].
The dynamical polarization function in ABC-stacked n-layer graphene for gapped quasiparticles in the absence of
an external magnetic field was recently numerically calculated in Ref. [21] and its fitting function was found. This
polarization function was crucial for the analysis of the gap generation. Solving the gap equation, it was found that
the gap in rhombohedral graphene attains its maximal value for trilayer graphene and decreases monotonically for
n ≥ 4. Thus, although the flattening of the low-energy electron bands suggests that the gap should increase with n, the
screening effects, which sharply increase with the number of layers n, turned out to be more essential quantitatively.
In the present paper using the effective low-energy model, we study the dynamical polarization in gapped rhom-
bohedral n-layer graphene at finite temperature, chemical potential, impurity rate, quasiparticle gap, and magnetic
field. In the absence of the trigonal warping effects, we obtain analytical results which, to the best of our knowledge,
are not given in the literature. The paper is organized as follows: We set up the model in Sec. II. The dynamical
polarization functions in chiral multilayer graphene in a magnetic field are calculated in Sec. III. The static and
dynamical screening in clean rhombohedral graphene is studied is Sec. IV. The main results are summarized and
discussed in Sec. V. Finally, we provide the details of our calculations in Appendixes A, B, and C. The fermion
propagator for low-energy quasiparticles in ABC-stacked multilayer graphene in a magnetic field is found in Appendix
A. The summation over Matsubara frequencies is performed in Appendix B and some formulas for the polarization
2functions in the static limit are given in Appendix C.
II. MODEL AND FERMION PROPAGATOR
Neglecting the trigonal warping effects, the low-energy electron Hamiltonian in chiral multilayer graphene with
n ≥ 2 layers in a magnetic field is given by [2, 3, 22, 23]
H0 =
∑
ξ,s
∫
d2rΨ+ξs(r)
(
∆ξs −anξn(−iDˆx − Dˆy)n
−anξn(−iDˆx + Dˆy)n −∆ξs
)
Ψξs(r) , (1)
where Dˆi = ∂i + (ie/c)Ai (e > 0) is the covariant derivative with the vector potential A = (0, Bx, 0) which in the
Landau gauge describes the magnetic field which points in the +z direction, an = γ1(~vF /γ1)
n, vF ∼ 106m/s is the
Fermi velocity in graphene, and γ1 ≈ 0.39 eV. Furthermore, ∆ξs is the gap generated dynamically or induced by the
electric field applied perpendicular to the planes of graphene. The low-energy effective Hamiltonian (1) can be utilized
for wave vectors k up to kW = γ1/(~vF ). The two-component spinor field Ψξs carries the valley (ξ = ± for the K
and K ′ valleys, respectively) and spin (s = ±) indices. In ABC-stacked multilayer graphene, the low-energy electron
states are located only on the outermost layers, which we will denote as layers 1 and n in what follows. Furthermore,
we use the standard convention for wave functions: ΨT+s = (ψ+A1 , ψ+Bn)s, whereas, Ψ
T
−s = (ψ−Bn , ψ−A1)s. Here,
A1 and Bn correspond to those sublattices in the outermost layers 1 and n, respectively, which are relevant for the
low-energy dynamics. Note that, for n = 2, Hamiltonian (1) coincides with the low-energy Hamiltonian of bilayer
graphene.
The applicability of the two-component model in multilayer graphene is discussed in Refs. [4, 24]. By computing
the eigenstates and Landau-level energies in the tight-binding model and comparing them with the prediction of the
two-band model, it was shown [4] that the applicability of the two-band model in trilayer graphene is much restricted
due to the rather strong trigonal warping effects which are of the order of 10meV. Since the experimentally observed
gap of 42meV in the absence of external electromagnetic fields in ABC-stacked trilayer graphene is several times
larger than the magnitude of the trigonal warping effects, it is natural to expect that the gap will significantly flatten
the effects caused by the trigonal warping in trilayer graphene. In our study we neglect the trigonal warping effects
that allows us to get analytical expressions for polarization functions. To account for the trigonal warping requires
more numerical computations.
By using Ψξs(r) = e
ikyfξs(x), the effective Hamiltonian for functions fξs(x) takes the form
H˜0 =
(
∆ξs − 2
n/2anξ
n
ln bˆ
n
− 2n/2anξnln (bˆ†)n −∆ξs
)
, (2)
where the creation and annihilation operators satisfy the standard commutation relation [bˆ, bˆ†] = 1 and are
bˆ† = − il√
2
(
∂x − k − x/l2
)
, bˆ = − il√
2
(
∂x + k + x/l
2
)
, (3)
with l =
√
~c/(eB) being the magnetic length.
We seek the eigenfunctions of Hamiltonian (2) in the form of the oscillator wave functions uN :
f(N, k, x) =
(
c1uN−n(η)
c2uN(η)
)
, uN (η) =
e−η
2/2HN (η)√
2N+1N !π3/2l
, (4)
where η = kl + xl , N ≥ n, |c1|2 + |c2|2 = 1, and HN (η) are the Hermite polynomials. The creation and annihilation
operators b† and b are the Landau-level ladder operators and they act on the functions uN(η) in the standard way.
By using Eqs. (2)-(4), we find energy levels at fixed valley and spin:
ENα = αMN , MN =
√
∆2ξs + E2nN(N − 1) . . . (N − n+ 1), N ≥ n, α = ±1, (5)
where En = γ1
[
2~2v2F /(γ
2
1 l
2)
]n/2
is the Landau scale in n-layer graphene and eigenfunctions for higher Landau levels
(LLs) are given by
Ψξs(N, k, α;x, y) = e
iky 1√
2MN
( √
MN + α∆ξs uN−n(η)
−(−i)nαξn√MN − α∆ξs uN(η)
)
, N ≥ n. (6)
3For the lowest Landau level (LLL) N = 0, . . . , n− 1, we have E = −∆ξs and the corresponding eigenfunctions are
ΨLLL(N, k, α = −1;x, y) = eiky
(
0
uN(η)
)
, N = 0, . . . , n− 1. (7)
The fermion Green’s function satisfies the equation,
(ω −H0)S(r, r′;ω) = δ(r− r′), (8)
and can be found through the expansion over the eigenfunctions (see, Appendix A). It has the form
S(r, r′;ω) = exp (iΦ(r, r′)) S˜(r− r′;ω), (9)
where Φ(r, r′) = ie
~c
r
′∫
r
Aexti (z)dzi is the Schwinger phase and S˜(r − r′;ω) is the translation-invariant part which is
given by Eq. (A5).
The electron-electron Coulomb interaction is described by the following interaction Hamiltonian:
Hint =
e2
2κ
∫
d3r d3r′
nel(r)nel(r
′)
|r− r′| , (10)
where κ is the dielectric constant, nel(r) = δ(z − (n− 1)d/2)ρ1(x) + δ(z + (n− 1)d/2)ρn(x) is the three-dimensional
electron density in the outermost layers of ABC-stacked n-layer graphene (d ≃ 0.35 nm is the distance between the
two neighbor layers), and two-dimensional charge densities ρ1(x) and ρn(x) in the outermost layers 1 and n are
ρ1(x) =
∑
ξs
Ψ+ξs(x)P1Ψξs(x) , ρn(x) =
∑
ξs
Ψ+ξs(x)PnΨξs(x) , (11)
where P1 = (1 + ξτ
3)/2 and Pn = (1 − ξτ3)/2 are projectors on states in the layers 1 and n, respectively. (The
appearance of ξ in the projectors is related to our choice of the form of the spinor Ψξs.)
Integrating over z and z′ in Eq. (10), one can rewrite the interaction Hamiltonian as follows:
Hint =
1
2
∫
d2x d2x′ [V (x− x′) (ρ1(x)ρ1(x′) + ρn(x)ρn(x′))+ 2V1n(x− x′)ρ1(x)ρn(x′)] . (12)
Here, the potential V (x) describes the intralayer interactions and, therefore, coincides with the bare potential in
single-layer graphene whose Fourier transform is given by V (k) = 2πe2/(κk), k = |k|. The potential V1n describes
the interlayer electron interactions and its Fourier transform is V1n(k) = (2πe
2/κ)(e−k(n−1)d/k). Note that the form
of the interaction Hamiltonian (12) coincides with that in bilayer graphene [21].
III. DYNAMICAL POLARIZATION FUNCTIONS AND EFFECTIVE INTERACTIONS
The dynamical polarization determines such physically interesting properties as the effective electron-electron in-
teraction, the Friedel oscillations, and the spectrum of collective modes. In multilayer graphene the dynamical
polarization functions Πjk describe the electron-density correlations on the layers j, k = 1, n,
δ(ω + ω′)δ(k+ k′)Πjk(ω,k) = −i〈0|ρj(ω,k)ρk(ω′,k′)|0〉 . (13)
Since the electron states in the low-energy model are located on the outermost layers of ABC-stacked multilayer
graphene, there are only two independent functions, Π11 = Πnn and Π1n = Πn1, which describe the correlations of
the electron densities on the same and two different layers. The equalities Π11 = Πnn,Π1n = Πn1 are almost evident
from physical equivalence of the outermost layers but can be proved mathematically [see the text after Eq. (21)
below].
Taking into account the screening effects, the bare intralayer V (k) and interlayer V1n(k) electron-electron interac-
tions transform into
Vˆeff = Vˆ · 1
1 + Vˆ · Πˆ =
(
Veff V1n eff
V1n eff Veff
)
, Vˆ =
(
V V1n
V1n V
)
, Πˆ =
(
Π11 Π1n
Π1n Π11
)
, (14)
4with
Veff(ω, k) =
2πe2
κ
k + 2πe
2
κ Π11(1− e−2(n−1)kd)[
k + 2πe
2
κ (Π11 +Π1n)(1 + e
−(n−1)kd)
] [
k + 2πe
2
κ (Π11 − Π1n)(1 − e−(n−1)kd)
] , (15)
V1n eff(ω, k) =
2πe2
κ
ke−(n−1)kd − 2πe2κ Π1n(1 − e−2(n−1)kd)[
k + 2πe
2
κ (Π11 +Π1n)(1 + e
−(n−1)kd)
] [
k + 2πe
2
κ (Π11 −Π1n)(1− e−(n−1)kd)
] . (16)
Since Π11 and Π1n depend on ω, the effective interactions Veff and V1n eff depend on it, too. Note that the form of
the effective interactions (15) and (16) in rhombohedral graphene in the low-energy model is the same as in bilayer
graphene (see, e.g., Appendix A in Ref. [25]).
Our low-energy model is valid up to the ultraviolet cutoff kW = γ1/(~vF ). Since kW d = 0.2, we can expand for
n ≤ 3 the exponentials in Eqs. (15) and (16) in the Taylor series in k for all k up to the cutoff. Then, retaining only
the zero and first terms in these expansions, we obtain the following effective interactions which are expected to be
good approximations in the infrared (IR) region for all n rather than only for n ≤ 3:
V IReff (ω, k) =
2πe2
κ
1 + 4πe
2
κ Π11(n− 1)d[
k + 4πe
2
κ Π
] [
1 + 2πe
2
κ (Π11 −Π1n)(n− 1)d
] , (17)
V IR1n eff(ω, k) =
2πe2
κ
1− 4πe2κ Π1n(n− 1)d[
k + 4πe
2
κ Π
] [
1 + 2πe
2
κ (Π11 −Π1n)(n− 1)d
] , (18)
where
Π(ω,k) ≡ Π11(ω,k) + Π1n(ω,k). (19)
It was noted in Ref. [21] when studying the gap generation in chiral multilayer graphene in the absence of a magnetic
field that the polarization functions in the numerator and in the second square brackets in the denominator of the
effective interactions (15) and (16) somewhat compensate each other. Therefore, we may try to further simplify the
effective interactions (17) and (18) by approximating them by
V appreff (ω, k) = V
appr
1n eff(ω, k) =
2πe2
κ
1[
k + 4πe
2
κ Π
] . (20)
The approximate expressions (17),(18), and (20) will be discussed and compared with the effective interactions (15)
and (16) in the next section after we calculate the polarization functions.
The dynamical polarization functions are given by
Πjk(ω, r) = i
∞∫
−∞
dω′
2π
Tr
[
PjS˜(r, ω
′)PkS˜(−r, ω′ − ω)
]
, (21)
where the trace is taken over spinor, valley, and spin indices. The scalar functions Πjk(ω, r)) depend on r
2. Since the
trace Tr in explicit expressions for Πjk includes the summation over the valley index ξ = ±, one can make the change
ξ → −ξ, then the projector P1 changes to Pn [see definitions of the projectors P1, Pn after Eq. (11)]. Furthermore, the
definition of the propagator Eq. (A5) implies in the case of valley independent gaps that S˜(ω, r,−ξ) = S˜(ω,−r, ξ),
hence we obtain the symmetry properties Π11(ω, r) = Πnn(ω, r),Π1n(ω, r) = Πn1(ω, r). This symmetry breaks for
gaps depending on the valley index ξ (like ∆ξs = ξ∆ but not ∆ξs = ξs∆), and for simplicity, in what follows we
consider (if not stated otherwise) a gap which does not depend on valley and spin indices, ∆ξs ≡ ∆. This is the
so-called Haldane gap [26] and the corresponding generalization to valley and spin-dependent gaps is straightforward.
Taking into account Eq. (A5), we obtain (z = r2/2l2)
Π11(ω, r) =
2ie−z
(2πl2)2
∞∫
−∞
dω′
2π
∞∑
N,N ′=0
(ω′ −∆)(ω′ − ω −∆)LN (z)LN ′(z) + (ω′ +∆)(ω′ − ω +∆)LN−n(z)LN ′−n(z)
(ω′2 −M2N )((ω′ − ω)2 −M2N ′)
,(22)
Π1n(ω, r) =
2ie−z
(2πl2)2
∞∫
−∞
dω′
2π
∞∑
N,N ′=0
2a2n
l4n(ω′2 −M2N )((ω′ − ω)2 −M2N ′)
r2nLnN−n(z)L
n
N ′−n(z), (23)
5where the functions LαN(x) are generalized Laguerre polynomials; by definition, LN(x) = L
0
N(x), L
α
N−n(x) = 0 and
MN = |∆| if N < n. Using Eq. (B1) in Appendix B, we perform the Fourier transform and find the following
dynamical polarization functions in momentum space:
Π11(ω,k) =
i
πl2
∞∫
−∞
dω′
2π
∞∑
N,N ′=0
(−1)N+N ′e−y
(ω′2 −M2N )((ω′ − ω)2 −M2N ′)
×
[
(ω′ −∆)(ω′ − ω −∆)LN−N ′N ′ (y)LN
′−N
N (y)
+ (ω′ +∆)(ω′ − ω +∆)LN−N ′N ′−n (y)LN
′−N
N−n (y)
]
, y =
k2l2
2
,
Π1n(ω,k) =
i
πl2
∞∫
−∞
dω′
2π
∞∑
N,N ′=0
(−1)N+N ′e−y
(ω′2 −M2N )((ω′ − ω)2 −M2N ′)
× 2 [E2nN(N − 1) . . . (N − n+ 1)]LN ′−NN (y)LN−N ′N ′−n (y). (24)
At finite temperature and chemical potential the integration over ω′ is replaced by the sum over Matsubara frequencies∫
dω′ → 2πiT
+∞∑
m=−∞
, ω′ → iωm + µ, where ωm = πT (2m + 1) and ω → iΩp, Ωp = 2pπT . In order to take into
account the finite width ΓN of the Landau levels or, equivalently, the scattering rate of quasiparticles, we replace also
iωm → iωm+iΓNsgnωm. The width ΓN is expressed through the retarded fermion self energy and, in general, depends
on energy, temperature, magnetic field, and the Landau-level index. In our calculations, we assume that the width is
independent of energy (frequency) but we keep its dependence on the Landau-level index. The summation over the
Matsubara frequencies in the polarization functions is performed in Appendix B. Our final analytical expressions for
the dynamical polarization functions after analytical continuation take the form of double sums over Landau levels:
Π11(ω, y) = − e
−y
4πl2
∞∑
N,N ′=0
(−1)N+N ′
MNMN ′
∑
λ,λ′=±1
S(N,N ′, λ, λ′, ω)
×
[
(MN − λ∆)(MN ′ − λ′∆)LN−N
′
N ′ (y)L
N ′−N
N (y) + (MN + λ∆)(MN ′ + λ
′∆)LN−N
′
N ′−n (y)L
N ′−N
N−n (y)
]
, (25)
Π1n(ω, y) = −e
−yE2n
2πl2
∞∑
N,N ′=0
(−1)N+N ′
MNMN ′
N !
(N − n)!L
N ′−N
N (y)L
N−N ′
N ′−n (y)
∑
λ,λ′=±1
λλ′S(N,N ′, λ, λ′, ω), (26)
where the function S(N,N ′, λ, λ′, ω) is defined in Eq. (B9) and is given in terms of digamma functions. The
polarization functions (25) and (26) are analytical functions of ω in the whole upper complex half plane. The sums
over the Landau levels in the two independent polarization functions are convergent for n ≥ 3; however, they require
an ultraviolet cutoff in the case n = 1, 2 which is provided by the band width.
The obtained expressions for polarization functions in the form of double sums over Landau levels are most conve-
nient to use at large magnetic fields when one can take into account the contribution of the fewest Landau levels. To
study the limit of weak magnetic field it is better to return to Eqs. (22) and (23) where the dependence on N,N ′ is
factorized. The weak-magnetic-field limit (l → ∞) can be obtained by replacing N → k2l2/2 with the sum turning
into the integral over k2 and using the asymptotic formula for the Laguerre polynomials,
LN
( x
N
)
= J0(2
√
x), N →∞ (27)
[see, Eq. (10.12.36) in Ref. [27]].
IV. STATIC AND DYNAMICAL SCREENING IN CLEAN RHOMBOHEDRAL GRAPHENE
A. Static screening
The static polarization functions are derived in Appendix C are given by Eqs. (C3) and (C4) in the general case
and by Eq. (C7) and (C8) in the clean case. In order to illustrate formulas (C7) and (C8) at arbitrary momenta,
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FIG. 1: (Color online) The static polarization functions in gapless chiral multilayer graphene for B = 1T, T = 2 · 10−3γ1 and
µ = 0.02γ1. (a) Trilayer graphene: Π˜11(0, y) (blue dashed line), Π˜13(0, y) (black dash-dotted line), and Π˜(0, y) (red solid line).
(b) The function Π˜(0, y) for different numbers of layers: n = 1 (green dash-double-dotted line), n = 2 (dash-dotted black line),
n = 3 (blue dashed line), and n = 5 (red solid line).
we plot in Fig. 1(a) the dimensionless polarization functions Π˜11(0, y) =
2~2v2F
γ1
Π11(0, y), Π˜13(0, y) =
2~2v2F
γ1
Π13(0, y),
and also their sum Π˜(0, y) = Π˜11(0, y) + Π˜13(0, y) in gapless clean ABC-stacked trilayer graphene (2~
2v2F /γ1 is
a convenient dimensional factor which can be expressed through the Landau scale in bilayer graphene as follows:
2~2v2F /γ1 = E2l2). Clearly, at large y (or l → ∞), both functions tend to their zero-magnetic-field values. The
function Π˜11(0, y) monotonically decreases with y while Π˜13(0, y) monotonically increases practically for all values of
y in the considered interval and chosen values of temperature, chemical potential, and magnetic field. Since Π˜11(0, y)
decreases more steeply than Π˜13(0, y) increases, this leads to the appearance of a maximum in the sum of these
functions Π˜(0, y) at some intermediate value of y. In general, the behavior of these functions at intermediate values
of y can qualitatively change depending on the values of parameters lT and lµ. Also, in panel (b) of Fig. 1 we
present the function Π˜(0, y) for different numbers of layers. As seen, the polarization functions, and consequently the
screening effects, increase with the number of layers n.
We plot in Fig. 2 the dimensionless [multiplied by the factor κγ1/(2πe
2
~vF)] effective interactions given by Eqs.
(15) and (16) and approximate expressions (17), (18), and (20) in the ABC-stacked trilayer graphene for ω = 0
and κ = 5: V˜eff (0, k) = Veff (0, k)κγ1/(2πe
2
~vF), V˜13 eff (0, k) = V13 eff (0, k)κγ1/(2πe
2
~vF). As expected, V
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eff and
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FIG. 2: (Color online) The dimensionless effective static intralayer, V˜eff , and interlayer, V˜13 eff , interactions as functions of
~vF k/γ1 in gapless trilayer graphene for B = 1T, T = 0.002γ1 and µ = 0.02γ1 (the corresponding filling factor ν = 2.7). (a)
Red solid line shows Eq. (15), blue dashed line shows Eq. (17), and black dash-dotted line shows Eq. (20). (b) Red solid line
shows Eq. (16), blue dashed line shows Eq. (18), and black dash-dotted line shows Eq. (20).
V IR1n eff given by Eqs. (17) and (18) and plotted as blue dashed lines in Fig. 2, excellently match for small momenta
the effective interactions (15) and (16) plotted as red solid lines. [Note that the appearance of a minimum in the
screened Coulomb interactions is connected with the presence of a maximum in the polarization function Π˜(0, y).]
However, the corresponding curves deviate significantly for large momenta (especially so for V IReff and Veff). The
approximate effective interactions, given by Eq. (20) and plotted as black dash-dotted lines in Fig. 2, reproduce
well the behavior of the effective interactions (15) and (16) for all k. The two curves are only shifted with respect
to one another. We checked that this is true for n ≤ 8; still the agreement worsens (especially so at large k) as n
grows. Moreover, the discrepancies between the corresponding dependencies can be practically completely eliminated
by adjusting the dielectric constants in V appreff and V
appr
1n eff. Since the approximate effective interactions (20) depend
7only on Π = Π11 +Π1n, further in this section we will analyze the polarization function Π.
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FIG. 3: (Color online) The dimensionless static polarization function Π˜(0, k) in gapped and gapless trilayer graphene, for
T = µ = 0, and different values of the magnetic field: red solid lines are for B = 0, blue dashed lines are for B = 1T, black
dash-dotted lines are for B = 5T, green dash-double-dotted lines are for B = 10T. (a) ∆ = 0.01γ1. (b) ∆ = 0.
In order to see how the magnetic field affects the screening, we plot in Fig. 3 the static dimensionless polarization
function Π˜(0, k) as a function of the wave vector k = |k| for different values of magnetic field in gapped and gapless
trilayer graphene. Clearly, the magnetic field suppresses the screening. According to Fig. 3(a), the larger is the
magnetic field, the stronger is the suppression (compare blue, green, and black lines). The role of magnetic field is
especially dramatic in gapless graphene. The magnetic field qualitatively changes the behavior of the polarization
functions at small wavevectors |k| ≤ l−1. Indeed, while the static polarization function Π(0,k) diverges as k→ 0 for
n ≥ 3 in the gapless case without magnetic field [see, red line in the panel Fig. 3(b)], it is no longer divergent in the
presence of a magnetic field (see, blue, green, and black lines).
The asymptotical behavior of the screened Coulomb potential at small and large distances is determined by the
asymptotics of the polarization function Π(0,k) = Π11(0,k) +Π1n(0,k) at large and small wave vectors, respectively.
At small wave vector values (k → 0), the behavior of Π(0,k) can be found from Eqs. (C3) and (C4) by taking into
account the values of Laguerre polynomials at zero: Lmn (0) = (m+n)!/(m!n!) , (L
m
n )
′(0) = −(m+n)!/[(m+1)!(n−1)!].
By using E2nN !/(N − n)! =M2N −∆2, we get
Π(0,k) ≃ a+ bk2, (28)
where the coefficients a and b are expressed in terms of the digamma function and its derivative
a = Π(0, 0) =
1
2π3l2T
∞∑
N=0
∑
λ=±1
′ℜeψ′
(
1
2
+
ΓN
2πT
+
µ− λMN
2πiT
)
, (29)
b = − 1
4π3T
∞∑
N=0
∑
λ=±1
′
[
2N + 1− n
(
1 + λ
∆
MN
)]
ℜeψ′
(
1
2
+
ΓN
2πT
+
µ− λMN
2πiT
)
+
1
4π2
∞∑
N=0
∑
λ,λ′=±1
′′ℑm


ψ
(
1
2 +
ΓN
2πT +
µ−λMN
2πiT
)
− ψ
(
1
2 +
ΓN+1
2πT +
µ−λ′MN+1
2πiT
)
λMN − λ′MN+1 − i (ΓN − ΓN+1)


×
[
2(N + 1)
(
1 + λλ′
MN
MN+1
)
− n
(
1 + λ
∆
MN
)(
1 + λ′
∆
MN+1
)]
. (30)
Here the notation
∑′
means that only the term with λ = −1 is retained in the sum if N < n, and ∑′′ means that
only the terms with λ = −1 (if N < n) and λ′ = −1 (if N < n− 1) are retained. One can see that the parameter a
receives the contribution only from intra-Landau-level (N ↔ N) transitions while the parameter b contains also the
contributions from the transitions between adjacent Landau levels N ↔ N ± 1.
The polarization function at zero frequency and momentum (29) obeys the following relation [28]:
Π(0, 0) =
∫
dǫD(ǫ)
4T cosh2
(
ǫ−µ
2T
) , (31)
8where D(ǫ) is the density of states (DOS) in multilayer graphene with impurities in a magnetic field,
D(ǫ) =
1
π2l2
∞∑
N=0
∑
λ=±1
′ ΓN
(ǫ− λMN)2 + Γ2N
. (32)
Obviously, Π(0, 0) is an oscillating function of chemical potential and magnetic field. At zero temperature and finite
scattering rate it is simply equal to the DOS at the Fermi surface Π(0, 0) = D(µ). We would like to remind the reader
that the screening of the Coulomb potential at large distances is determined by the magnitude of the Thomas-Fermi
wave vector kF = (4πe
2/κ)Π(0, 0). When the Fermi level lies between Landau levels (that corresponds to an integer
filling) Π(0, 0) reaches a minimum (zero for T = 0,ΓN = 0) and the screening is minimal. On the other hand, if
the Fermi level is inside a Landau level, then the screening is maximal. The corresponding screening properties of
electronic environment on an isolated charged impurity in a magnetic field were recently observed experimentally in
monolayer graphene in Ref. [29]. It was demonstrated that, in the presence of a magnetic field, the strength of the
impurity can be tuned by controlling the occupation of Landau levels with a gate voltage. It would be interesting to
repeat such experiments in multilayer graphene.
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FIG. 4: (Color online) Π˜(0, 0) as a function of µ in the gapless case ∆ = 0, and magnetic field B = 1T. (a) n = 1 (T = 5·10−3γ1),
(b) n = 2 (T = 8 · 10−4γ1), (c) n = 3 (T = 8 · 10
−4γ1), and (d) n = 5 (T = 5 · 10
−4γ1).
The static polarization functions Eqs. (C3) and (C4) simplify in the case of zero width Landau levels ΓN = 0 when
they are described by Eqs. (C7) and (C8). The quantity Π(0, 0), which is related to the Thomas-Fermi screening
vector, is given in the clean ABC-stacked multilayer graphene by the expression
Π(0, 0) =
1
4πl2T
∞∑
N=n
∑
λ=±1
1
ch2
(
µ−λMN
2T
) + 1
4πl2T
n
ch2
(
µ+∆
2T
) . (33)
The weak-magnetic-field limit (l → ∞) of the above expression can be obtained by replacing N → k2l2/2, with the
sum turning into the integral
Π(0, 0) =
1
4πTn(an)2/n
∫ ∞
−∞
dǫ|ǫ|(ǫ2 −∆2)1/n−1θ(ǫ2 −∆2)
cosh2
(
ǫ−µ
2T
) , (34)
which at T = 0 gives the density of states of chiral multilayer graphene at the Fermi surface in the absence of the
magnetic field
ΠT=0(0, 0) = D(µ) =
|µ|
nπ~2v2F
(
γ21
µ2 −∆2
)1− 1n
Θ(µ2 −∆2). (35)
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FIG. 5: (Color online) Π˜(0, 0) as a function of µ for the QAH state gap ∆ξs = ∆ = 0.01γ1 and the magnetic field B = 1T: (a)
n = 1 (T = 5 · 10−3γ1), (b) n = 2 (T = 8 · 10
−4γ1), (c) n = 3 (T = 8 · 10
−4γ1), and (d) for the LAF state gap ∆ξs = ξs∆,
∆ = 0.01γ1, n = 3 (T = 8 · 10
−4γ1).
In Fig. 4 we show the dependence of the dimensionless quantity Π˜(0, 0) = (2~2v2F /γ1)Π(0, 0) for n = 1, 2, 3, 5 in
gapless rhombohedral graphene. Comparing the behavior of the DOS as the number of layers n increases one can see
that the LLL contribution is enhanced because Landau levels are getting denser near zero energy for n > 2 (notice
the change of scale of the vertical axis). Furthermore, the DOS envelope function itself reflects the behavior of the
zero-field DOS given by Eq. (35): for large µ it grows for n = 1, becomes constant for n = 2, and decreases for
n ≥ 3. The strength of the peak corresponding to the zero energy LL also increases as the number of layers grows
that reflects the degeneracy of this level. These results for the DOS agree with those discussed in Refs. [30] (n = 1)
and [31] (n = 2, 3).
In Fig. 5 we plot also the quantity Π˜(0, 0) as a function of µ in the gapped case ∆ξs = ∆ which corresponds
to the quantum anomalous Hall (QAH) state [32, 33] with broken time-reversal symmetry. One can observe an
asymmetry of this function with respect to the change µ→ −µ which is a consequence of the asymmetry of the lowest
Landau level for the QAH state: there is a state with the energy E = −∆ and no a state with E = ∆. For the
layer antiferromagnetic (LAF) state [33–35] with the gap ∆ξs = ξs∆ which also breaks time-reversal symmetry, the
corresponding symmetry of Π˜(0, 0) is restored [see, Fig. 5(d) for n = 3]. We note that the recent experimental data in
Ref. [10] suggest that the LAF state is the ground state of rhombohedral trilayer graphene in the absence of external
fields.
B. Dynamical screening
In this section, we analyze the dynamical screening in clean rhombohedral graphene. For ΓN = 0 all denominators
in Eq. (B9) are the same. Therefore,
Zλλ
′
NN ′(ω, 0, µ, T ) + Z
−λ′,−λ
N ′N (ω, 0,−µ, T )− ZλλNN (ω, 0, µ, T )− Z−λ
′,−λ′
N ′N ′ (ω, 0,−µ, T ) = nF(λ′MN ′)− nF(λMN ). (36)
By using this result, we find that Eqs. (25) and (26) imply the following dynamical polarization functions in clean
rhombohedral graphene:
Π11(ω,k) = − e
−y
4πl2
∞∑
N,N ′=0
(−1)N+N ′
∑
λ,λ′=±1
nF(λMN )− nF(λ′MN ′)
MNMN ′(λMN − λ′MN ′ − ω)
10
×
[
(MN − λ∆)(MN ′ − λ′∆)LN−N
′
N ′ (y)L
N ′−N
N (y) + (MN + λ∆)(MN ′ + λ
′∆)LN−N
′
N ′−n (y)L
N ′−N
N−n (y)
]
, (37)
Π1n(ω,k) = −e
−yE2n
2πl2
∞∑
N,N ′=0
(−1)N+N ′ N !
(N − n)!L
N ′−N
N (y)L
N−N ′
N ′−n (y)
×
∑
λ,λ′=±1
λλ′(nF(λMN )− nF(λ′MN ′))
MNMN ′(λMN − λ′MN ′ − ω) . (38)
The three-dimensional (3D) plot of dimensionless dynamical polarization function Π˜ =
2~2v2F
γ1
Π for ABC-stacked
FIG. 6: (Color online) The dimensionless dynamical polarization function Π˜(ω, y) for the QAH state gap ∆ = 0.01γ1 in clean,
ΓN = 0, ABC-stacked trilayer graphene in the magnetic field B = 1T for µ = 2∆ and T = 0.5∆.
trilayer graphene is presented in Fig. 6. As is seen, the polarization is maximal at small frequency and momentum
and decreases with the increase of ω. In Fig. 7 we plot the dimensionless screened Coulomb interactions V˜eff (ω, k) =
Veff (ω, k)κγ1/(2πe
2
~vF) and V˜13 eff (ω, k) = V13 eff (ω, k)κγ1/(2πe
2
~vF) in gapless trilayer graphene at fixed energy
ω = 0.05γ1 with κ = 5. For comparison, we display also the dimensionless bare intralayer, V˜ (k) = V (k)κγ1/(2πe
2
~vF),
and interlayer, V˜13(k) = V13(k)κγ1/(2πe
2
~vF), Coulomb interactions. As one can see, the dynamical polarization
strongly reduces the effective potentials.
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FIG. 7: (Color online) The dimensionless effective interactions in gapless ABC-stacked trilayer graphene as functions of dimen-
sionless momentum y at energy ω = 0.05γ1 for T = 0.002γ1, B = 1T, and µ = 0.02γ1. (a) Veff given by Eq. (15) (red solid
line), Eq. (17) (blue dashed line), and Eq. (20) (black dash-dotted line). The green dash-double-dotted line corresponds to the
bare intralayer Coulomb interaction. (b) V13 eff given by Eq. (16) (red solid line), Eq. (18) (blue dashed line), and Eq. (20)
(black dash-dotted line). The green dash-double-dotted line corresponds to the bare interlayer Coulomb interaction.
Simplified analytical expressions can be obtained for small momenta and in the strong-magnetic-field limit. At
small momenta, the general expression for the polarization function Π(ω, y) = Π11(ω, y) + Π1n(ω, y) simplifies to
Π(ω, y) ≃ A+By, (39)
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where
A = − 2i
πl2ω
∞∑
N=0
ΓN
ω + 2iΓN
∑
λ=±1
′ [
ZλλNN (ω,Γ, µ, T ) + (µ→ −µ)
]
, (40)
B =
1
πl2
∞∑
N=0
∑
λ=±1
′
[
2N + 1− n
(
1 + λ
∆
MN
)]
S(N,N, λ, λ, ω)
− 1
4πl2
∞∑
N=0
∑
λ,λ′=±1
′′
(S(N,N + 1, λ, λ′, ω) + S(N + 1, N, λ′, λ, ω))
×
[
2(N + 1)
(
1 + λλ′
MN
MN+1
)
− n
(
1 + λ
∆
MN
)(
1 + λ′
∆
MN+1
)]
, (41)
the notations
∑′
,
∑′′
are explained after Eq. (30) and the functions Z and S are given in Appendix B. At zero
scattering rate and finite ω the coefficient A vanishes, while the coefficient B takes the form
B = − 1
2πl2
∞∑
N=0
∑
λ,λ′=±1
′′ (λMN − λ′MN+1)(nF(λMN )− nF(λ′MN+1))
(λMN − λ′MN+1)2 − ω2
×
[
2(N + 1)
(
1 + λλ′
MN
MN+1
)
− n
(
1 + λ
∆
MN
)(
1 + λ′
∆
MN+1
)]
. (42)
On the other hand, the limit ω → 0 of the coefficient A at finite ΓN is given by Eq. (29). One can see that the
static long-wavelength polarization function Π(0, 0) in the magnetic field does not depend on the order of taking limits
ω → 0 and k→ 0, unlike in the absence of the magnetic field.
The strong-magnetic-field limit (l → 0) of the polarization function Π(ω,k) depends on the ratio between the
scattering rate and frequency. For ΓN/ω 6= 0, the main contribution comes from the first n Landau levels and is given
by the expression
Πl→0(ω, y) = − 1
π2l2
n−1∑
N=0
ΓN
ω(ω + 2iΓN)
∑
λ=±1
[
ψ
(
1
2
+
λ(µ+∆) + ω + iΓN
2πiT
)
− ψ
(
1
2
+
λ(µ+∆) + iΓN
2πiT
)]
. (43)
This contribution vanishes in clean rhombohedral graphene for nonzero ω. In this case, the leading at k → 0 term
has the form
Πl→0(ω, y) =
k2n2
2πEn
∞∑
N=n−1
√
(N − n+ 1)!
N !
1(√
N + 1 +
√
N − n+ 1)3 , (44)
which is equivalent to the static long-wavelength limit of the polarization function in clean gapless graphene at zero
temperature in the case when only n lower Landau levels are filled.
V. SUMMARY
In this paper, neglecting the trigonal warping effects and using the low-energy model, we have derived analytical ex-
pressions for the one-loop dynamical polarization functions Π11(ω,k) and Π1n(ω,k) in ABC-stacked n-layer graphene
at finite temperature, chemical potential, quasiparticle gap, in the presence of a magnetic field and taking into account
the finite width of Landau levels. The general results are given in terms of the digamma functions and generalized
Laguerre polynomials and have the form of double sums over Landau levels given by Eqs. (25) and (26). These
equations are a generalization of the corresponding expressions for the polarization function in monolayer graphene
obtained in Ref. [30]. We analyzed the intralayer and interlayer screened Coulomb potentials in chiral multilayer
graphene and found that, for a number of layers less than or equal to eight, they are very well approximated by the
simple expression where only the dynamical polarization function Π = Π11+Π1n is present. The derived polarization
functions can be used to calculate the dispersion relation and the decay rate of magnetoplasmons as functions of
temperature, impurity rate, and magnetic field.
We found that the magnetic field qualitatively changes the behavior of the polarization functions at small wave
vectors |k| ≤ l−1. Indeed, while the static polarization function Π(0,k) diverges as k → 0 for n ≥ 3 in the gapless
case without magnetic field [18], it is no longer divergent in the presence of a magnetic field [see, Eq. (28)].
12
The long-range behavior of the screened static Coulomb potential in a magnetic field is governed by the Thomas-
Fermi wave vector kF = (4πe
2/κ)Π(0, 0), and the strength of screening is found to oscillate as a function of chemical
potential or magnetic field. If both scattering rate and temperature are small, these oscillations turn into a sequence of
delta-like functions and, for integer fillings, the screening is absent. This suggests a possibility to tune, for example, the
strength of the impurity by controlling the occupation of Landau level states with a gate voltage. Such a possibility
was demonstrated recently in experiments in monolayer graphene [29] and it would be interesting to observe the
corresponding behavior in multilayer graphene.
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Appendix A: Fermion propagator
We determine the Green’s function through the expansion over the eigenfunctions (∆ξs ≡ ∆),
S(r, r′;ω) =
∞∑
N=0,α=±1
∫ ∞
−∞
dk
Ψ(N, k, α;x, y)⊗Ψ†(N, k, α;x′, y′)
ω − ENα
=
1− τ3
2(ω +∆)
∫ ∞
−∞
dk eik(y−y
′)[u0(η)u0(η
′) + . . .+ un−1(η)un−1(η
′)] +
∞∑
N=n
1
ω2 −M2N
∫ ∞
−∞
dk eik(y−y
′)
×
[
(ω + τ3∆)
(
uN−n(η)uN−n(η
′) 0
0 uN (η)uN (η
′)
)
− ξn
√
M2N −∆2(−iτ3)n
(
0 uN−n(η)uN (η
′)
uN(η)uN−n(η
′) 0
)]
.
(A1)
Using the following formula 7.378 in Ref. [36],
∞∫
−∞
e−x
2
Hm(x+ y)Hn(x+ z)dx = 2
nπ1/2m!zn−mLn−mm (−2yz), m ≤ n, (A2)
where Lνn(z) are the generalized Laguerre polynomials, we can calculate the integral over k,
∞∫
−∞
dk eik(y−y
′)um(η)un(η
′) =
1
2πl2
exp
(
− (r− r
′)2
4l2
− i (x+ x
′)(y − y′)
2l2
)
×
√
2nm!
2mn!
(
− (x− x
′)− i(y − y′)
2l
)n−m
Ln−mm
(
(r− r′)2
2l2
)
. (A3)
The Green’s function can be represented as follows:
S(r, r′;ω) = exp (iΦ) S˜(r− r′;ω), (A4)
where S˜(r − r′;ω) is the translation invariant part and Φ = ie
~c
r
′∫
r
Aexti (z)dzi is the Schwinger phase, which is not
translation invariant. We find
S˜(r− r′;ω) = 1
2πl2
e−z/2
{
∞∑
N=0
1
ω2 −M2N
[
(ω + τ3∆)
(
1− τ3
2
LN (z) +
1 + τ3
2
LN−n (z)
)
− i
nξnan
l2n
LnN−n(z)
(
0 [(x− x′)− i(y − y′)]n
[(x− x′) + i(y − y′)]n 0
)]}
, z =
(r− r′)2
2l2
. (A5)
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For completeness, we present here the momentum space expression for the translation invariant part of the fermion
Green’s function
S˜(k, ω) = 2e−k
2l2
{
∞∑
N=0
(−1)N
ω2 −M2N
[
(ω + τ3∆)
(
1− τ3
2
LN(2k
2l2) + (−1)n 1 + τ
3
2
LN−n(2k
2l2)
)
− (−1)n(2ξ)nanLnN−n(2k2l2)
(
0 (kx − iky)n
(kx + iky)
n 0
)]}
= 2e−k
2l2
∞∑
N=0
(−1)N
ω2 −M2N
(
(ω +∆)(−1)nLN−n(2k2l2) −(−1)n(2ξ)nan(kx − iky)nLnN−n(2k2l2)
−(−1)n(2ξ)nan(kx + iky)nLnN−n(2k2l2) (ω −∆)LN (2k2l2)
)
(A6)
(by definition L−m ≡ 0, m > 0).
Appendix B: Summation over Matsubara frequencies
In order to find the polarization functions in momentum space, we use the following integrals:
I
(n)
N,K(y) =
∫
d2r e−ikre−zLnN−n(z)L
n
K−n(z)r
2n
= 4πl2(2l2)n(−1)n N !
(N − n)!
∞∫
0
dxx e−x
2
J0
(√
2k2l2x
)
L−nN (x
2)LnK−n(x
2)
= 2πl2(−1)N+K(2l2)n N !
(N − n)!e
−yLK−NN (y)L
N−K
K−n (y) , z =
r2
2l2
, y =
k2l2
2
, (B1)
where we used Eq. (7.422.2) in Ref. [36] and the following property of the Laguerre polynomials for l, k ≥ 0:
Lkl (x) = (−x)−k
(l + k)!
l!
L−kl+k(x) =⇒ xnLnN−n(x) = (−1)n
N !
(N − n)!L
−n
N (x), (B2)
where l, k ≥ 0. (For more details of calculations of similar integrals, see Appendix A in Ref. [30].)
The dynamical polarization functions (24) at finite temperature, chemical potential, and nonzero width ΓN take
the form
Π11(iΩp,k) = − T
πl2
+∞∑
m=−∞
∞∑
N,N ′=0
(−1)N+N ′e−y
((iωm + µ+ iΓNsgnωm)2 −M2N)((iωm−p + µ+ iΓN ′sgnωm−p)2 −M2N ′)
×
[
(iωm + µ+ iΓNsgnωm −∆)(iωm−p + µ+ iΓN ′sgnωm−p −∆)LN−N
′
N ′ (y)L
N ′−N
N (y)
+ (iωm + µ+ iΓNsgnωm +∆)(iωm−p + µ+ iΓN ′sgnωm−p +∆)L
N−N ′
N ′−n (y)L
N ′−N
N−n (y)
]
, (B3)
Π1n(iΩp,k) = − T
πl2
+∞∑
m=−∞
∞∑
N,N ′=0
(−1)N+N ′e−y
((iωm + µ+ iΓNsgnωm)2 −M2N)((iωm−p + µ+ iΓN ′sgnωm−p)2 −M2N ′)
× 2 [E2nN(N − 1) . . . (N − n+ 1)]LN ′−NN (y)LN−N ′N ′−n (y). (B4)
The summation over Matsubara frequencies is performed as usual T
+∞∑
m=−∞
f(iωm+µ) =
1
2πi
∮
γ
nF(ω)f(ω)dω, where
nF(x) =
{
exp(x−µT ) + 1
}−1
is the Fermi distribution, with subsequent deformation of the contour over the poles of
the function f(ω). It is convenient also to use the identities
1
x2 − b2 =
1
2b
(
1
x− b −
1
x+ b
)
=
∑
λ=±1
λ
2b(x− λb) ,
x+ a
x2 − b2 =
b+ a
2b
1
x− b +
b− a
2b
1
x+ b
=
∑
λ=±1
b + λa
2b(x− λb) . (B5)
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Then we have
S1 = T
∞∑
m=−∞
1
((iωm + µ+ iΓN sgnωm)2 −M2N)((iωm−p + µ+ iΓN ′sgnωm−p)2 −M2N ′)
=
∑
λ,λ′=±1
λλ′ S
4MNMN ′
, (B6)
S2 = T
∞∑
m=−∞
(iωm + µ+ iΓN sgnωm +∆)(iωm−p + µ+ iΓN ′sgnωm−p +∆)
((iωm + µ+ iΓN sgnωm)2 −M2N)((iωm−p + µ+ iΓN ′sgnωm−p)2 −M2N ′)
=
∑
λ,λ′=±1
(MN + λ∆)(MN ′ + λ
′∆)S
4MNMN ′
, (B7)
where
S = T
∞∑
m=−∞
1
(iωm + µ+ iΓN sgnωm − λMN)(iωm−p + µ+ iΓN ′sgnωm−p − λ′MN ′) . (B8)
To evaluate the sum we expand it in terms of partial fractions and, using the summation formula,
∞∑
m=0
(
1
m+ a
− 1
m+ b
)
= ψ(b)− ψ(a),
we obtain
S(N,N ′, λ, λ′, iΩp) = − Z
λλ′
NN ′(iΩp,Γ, µ, T )
λMN − λ′MN ′ − iΩp − i (ΓN − ΓN ′) −
Z−λ
′,−λ
N ′N (iΩp,Γ,−µ, T )
λMN − λ′MN ′ − iΩp + i (ΓN − ΓN ′)
+
ZλλNN(iΩp,Γ, µ, T ) + Z
−λ′,−λ′
N ′N ′ (iΩp,Γ,−µ, T )
λMN − λ′MN ′ − iΩp − i (ΓN + ΓN ′) , (B9)
where we introduced a new function
Zλλ
′
NN ′(ω,Γ, µ, T ) =
1
2πi
(
ψ
(
1
2
+
µ+ ω + iΓN − λMN
2πiT
)
− ψ
(
1
2
+
µ+ iΓN ′ − λ′MN ′
2πiT
))
(B10)
in terms of the digamma function ψ(z). When deriving Eq. (B9) we used also the following relation
Zλ
′λ′
N ′N ′(−iΩp,−Γ, µ, T ) = Z−λ
′,−λ′
N ′N ′ (iΩp,Γ,−µ, T ), (B11)
which is easily proved by making use of the formula
ψ(1− z) = ψ(z) + π cot(πz). (B12)
Thus, we arrive at the equations
Π11(iΩp, y) = − e
−y
4πl2
∞∑
N,N ′=0
(−1)N+N ′
MNMN ′
∑
λ,λ′=±1
S(N,N ′, λ, λ′, iΩp)
×
[
(MN − λ∆)(MN ′ − λ′∆)LN−N
′
N ′ (y)L
N ′−N
N (y) + (MN + λ∆)(MN ′ + λ
′∆)LN−N
′
N ′−n (y)L
N ′−N
N−n (y)
]
, (B13)
Π1n(iΩp, y) = −e
−yE2n
2πl2
∞∑
N,N ′=0
(−1)N+N ′
MNMN ′
N !
(N − n)!L
N ′−N
N (y)L
N−N ′
N ′−n (y)
∑
λ,λ′=±1
λλ′S(N,N ′, λ, λ′, iΩp). (B14)
Making the analytical continuation from Matsubara frequencies by replacing iΩp → ω + i0, we obtain Eqs. (25) and
(26) in the main text.
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Appendix C: The polarization functions in the static limit
Taking the limit ω → 0 in Eqs. (25) and (26) and using Eq. (B10), it is not difficult to see that the third term in
Eq. (B9) vanishes. Then, for λN 6= λ′N ′, S is
S(λN 6= λ′N ′) = − 1
π
ℑm


ψ
(
1
2 +
ΓN
2πT +
µ−λMN
2πiT
)
− ψ
(
1
2 +
ΓN′
2πT +
µ−λ′MN′
2πiT
)
λMN − λ′MN ′ − i (ΓN − ΓN ′)

 (C1)
For λN = λ′N ′, Eq. (B9) implies for ω → 0
S = − 1
2π2T
ℜe ψ′
(
1
2
+
ΓN
2πT
+
µ− λMN
2πiT
)
. (C2)
Thus, we have the following static polarization functions:
Π11(0, y) =
e−y
8π3l2T
∞∑
N=0
∑
λ=±1
1
M2N
ℜe ψ′
(
1
2
+
ΓN
2πT
+
µ− λMN
2πiT
)[
(MN − λ∆)2 (LN (y))2 + (MN + λ∆)2 (LN−n(y))2
]
+
e−y
4π2l2
∞∑
N,N ′=0
∑
λ,λ′=±1
λN 6=λ′N ′
y|N−N
′|
MNMN ′
ℑm


ψ
(
1
2 +
ΓN
2πT +
µ−λMN
2πiT
)
− ψ
(
1
2 +
ΓN′
2πT +
µ−λ′MN′
2πiT
)
λMN − λ′MN ′ − i (ΓN − ΓN ′)


×
[
(MN − λ∆)(MN ′ − λ′∆)(N<)!
(N>)!
(
L
|N−N ′|
N<
(y)
)2
+(MN + λ∆)(MN ′ + λ
′∆)
(N< − n)!
(N> − n)!
(
L
|N−N ′|
N<−n
(y)
)2]
,(C3)
Π1n(0, y) =
e−y
8π3l2T
∞∑
N=n
∑
λ=±1
2E2n
M2N
N !
(N − n)!LN(y)LN−n(y)ℜeψ
′
(
1
2
+
ΓN
2πT
+
µ− λMN
2πiT
)
+
e−y
4π2l2
∞∑
N,N ′=n
∑
λ,λ′=±1
λN 6=λ′N ′
2E2nλλ′
MNMN ′
(N<)!
(N> − n)!y
|N−N ′|L
|N−N ′|
N<
(y)L
|N−N ′|
N<−n
(y)
× ℑm


ψ
(
1
2 +
ΓN
2πT +
µ−λMN
2πiT
)
− ψ
(
1
2 +
ΓN′
2πT +
µ−λ′MN′
2πiT
)
λMN − λ′MN ′ − i (ΓN − ΓN ′)

 , (C4)
where N< = min{N,N ′}, N> = max{N,N ′}, and we used also Eq. (B2). We note that the last term in the second
curly brackets in Eq. (C3) is considered to be equal identically zero for N< − n < 0. The expressions (C3) and (C4)
are obviously real functions and, by using the formulas
ℑmψ
(
1
2
+
µ− λMN
2πiT
)
=
π
2
(1− 2nF (λMN )) , (C5)
ℜe ψ′
(
1
2
+
µ− λMN
2πiT
)
=
π2
2
1
ch2
(
µ−λMN
2T
) , (C6)
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they give the following static polarization functions in clean rhombohedral graphene:
Π11(0, y) = − e
−y
4πl2
∞∑
N,N ′=n
∑
λ,λ′=±1
λN 6=λ′N ′
1
MNMN ′
nF(λMN )− nF(λ′MN ′)
λMN − λ′MN ′
× y|N−N ′|
[
(MN − λ∆)(MN ′ − λ′∆)(N<)!
(N>)!
(
L
|N−N ′|
N<
(y)
)2
+ (MN + λ∆)(MN ′ + λ
′∆)
(N< − n)!
(N> − n)!
(
L
|N−N ′|
N<−n
(y)
)2]
− e
−y
πl2
∞∑
N=n
∑
λ=±1
(
1− λ∆
MN
)
nF(λMN )− nF(−∆)
λMN +∆
n−1∑
K=0
yN−K
K!
N !
(
LN−KK (y)
)2
+
e−y
16πl2T
∞∑
N=n
∑
λ=±1
1
ch2
(
µ−λMN
2T
)
[(
1− λ∆
MN
)2
(LN (y))
2 +
(
1 +
λ∆
MN
)2
(LN−n(y))
2
]
+
e−y
4πl2T
1
ch2
(
µ+∆
2T
) n−1∑
N,N ′=0
y|N−N
′| (N<)!
(N>)!
(
L
|N−N ′|
N<
)2
, (C7)
Π1n(0, y) =
e−y
16πl2T
∞∑
N=n
∑
λ=±1
2E2n
M2N
N !
(N − n)!LN(y)LN−n(y)
1
ch2
(
µ−λMN
2T
)
− e
−y
4πl2
∞∑
N,N ′=n
∑
λ,λ′=±1
λN 6=λ′N ′
2E2nλλ′
MNMN ′
(N<)!
(N> − n)!y
|N−N ′|L
|N−N ′|
N<
(y)L
|N−N ′|
N<−n
(y)
× nF(λMN )− nF(λ
′MN ′)
λMN − λ′MN ′ . (C8)
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